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Introduction
For the equation
Kiguradze posed the problem on the asymptotic behavior of its positive solutions such that
He found an asymptotic formula for these solutions to () with n =  (see [] ) and supposed all such solutions to have power asymptotic behavior for other n, too. The problem was solved for n =  and n =  [] . For these n, it was proved that all such solutions behave as 
p  = const >  -is a limit of p(x, y  , . . . , y n- ) as x → x * -, y  → ∞, . . . , y n- → ∞.
So, the hypothesis of Kiguradze was confirmed in this case. The existence of solutions satisfying () was proved for arbitrary n ≥ . For  ≤ n ≤ , an (n -)-parametric family of such solutions to equation () was proved to exist (see [] , [] , Ch.I(.)).
a negative answer to the conjecture of Kiguradze for large n was obtained. It was proved [] that for any N and K > , there exist an integer n > N and k ∈ R,  < k < K , such that equation () has a solution
where α is defined by (), h is a positive periodic non-constant function on R. Still, it was not clear how large n should be for the existence of that type of solutions.
Preliminary results
Suppose the following conditions hold: (A) The continuous positive function p(x, y  , . . . , y n- ) has a limit p  = const >  as x → x * -, y  → ∞, . . . , y n- → ∞, and for some γ > , it holds p(x, y  , . . . , y n- ) -
(B) For some K  >  and μ >  in a neighborhood of x * for sufficiently large y  , . . . , y n- ,
Then equation () can be transformed (see [] or [], Ch.I(.)) by using the substitution
where C and α are defined by (). The derivatives y (j) , j = , , . . . , n -, become
where
and the coefficient of v (j) equal to . http://www.advancesindifferenceequations.com/content/2013/1/220
Thus () is transformed into
where the functionp(t, v  , . . . , v n- ) is obtained from p(x, y  , . . . , y n- ) with x, y  , . . . , y n- properly expressed in terms of t, v  , . . . , v n- . This function tends to
Due to condition () for the function p(x, y  , . . . , y n- ), we obtain the following inequalities for sufficiently large t and sufficiently small v  , . . . , v n- , w  , . . . , w n- :
j is a C ∞ one in a neighborhood of  and
Solving () for v (n) and using formulae (), we obtain the equation
where a j are the coefficients of the linear function L n . Equation () can be written as
Besides, for sufficiently large t and sufficiently small v  , . . . , v n- , w  , . . . , w n- , it holds
Suppose that V is the vector with coordinates V j = v (j) , j = , . . . , n -. Then equation () can be written as
where A is a constant n × n matrix
and eigenvalues satisfying the equation
which is equivalent to
The mappings F : R n → R n and G : R × R n → R n satisfy the following estimates as t → ∞:
with some constants β > , K > .
Lemma  []
Suppose that () holds and A is an arbitrary constant n × n matrix. Then there exists a solution V (t) to equation () tending to zero as t → ∞.
Lemma  [] Let the conditions of Lemma  hold. If equation () has m roots with negative real part, then there exists an m-parametric family of solutions V (t) to equation ()
tending to zero as t → ∞. http://www.advancesindifferenceequations.com/content/2013/1/220
If equation () has a solution V (t) tending to  as t → ∞ and V  (t) is its first coordinate, then the function
with C and α defined by () is a solution to () such that () and () hold. To prove the main results of this article, we use the Hopf bifurcation theorem [] . 
Theorem  [, ] Suppose that conditions
, and the solutions to the problemṡ
are T(ε)-periodic and non-constant.
Main results
In this section, the result about the existence of solutions with non-power asymptotic behavior is proved for equation () with n = , , . 
Theorem  For n = , , , there exists k >  such that equation () has a solution y(x) with
. . , V n- ), and
If equation () has a pair of pure imaginary roots, we have to check other conditions of this theorem and then apply it.
Proposition  For any integer n > , there exist α >  and q >  such that
Remark  In the particular case n = , this result was obtained by Vyun [] .
Proof Consider the positive functions ρ n (α) and σ n (α) defined for all α >  via the equations
First, we prove the functions to be well defined for all α > . The product
is continuous and strictly increasing as a function of
 as q →  and to +∞ as q → +∞. Hence, for any α > , there exists a unique q >  such that
In the same way, for any α > , the sum n- j= arg(qi + α + j) is a continuous function of q >  strictly increasing from  to π n  > π . So, there exists a unique q >  such that the sum is equal to π .
Since both the product and the sum considered are C  -functions with positive partial derivative in q > , the implicit function theorem provides both ρ n (α) and σ n (α) to be C  -functions, too.
Now it is sufficient to prove the existence of α >  such that ρ n (α) and σ n (α) are equal to the same value q, which makes the two sides of () be equal.
Compare the functions ρ n (α) and σ n (α) near the boundaries of their common domain. http://www.advancesindifferenceequations.com/content/2013/1/220 Equation () defining the function ρ n (α) may be written as
This shows that
Equation () defining the function σ n (α) may be written as
for sufficiently large α. Now, to prove Proposition , it is sufficient to show that ρ n (α) > σ n (α) for sufficiently small α. To compare the functions ρ n (α) and σ n (α) for small α > , we need some lemmas.
This contradiction with the definition of ρ n (α) completes the proof of Lemma .
Proof According to the definition of ρ n (α) by () and Lemma , we have
In order to make the first and the last products be equal, we have to replace ρ n (α) in the first one by a greater value. This means that ρ n+ (α) > ρ n (α) and Lemma  is proved.
Lemma  For all α > , it holds σ n+ (α) < σ n (α).
Proof According to the definition of σ n (α) by (), we have n j= arg σ n (α)i + α + j = π + arg σ n (α)i + α + n > π. http://www.advancesindifferenceequations.com/content/2013/1/220
In order to make the sum equal π , we have to replace σ n (α) by a smaller value. So, σ n+ (α) < σ n (α) and Lemma  is proved.
Due to Lemmas , ,  proved, it is sufficient now for the proof of Proposition  to show that ρ  (α) > σ  (α) for sufficiently small α > . So, for sufficiently small α > , we have
Lemma  It holds
Hence, for these α, in order to avoid contradiction with the definition of ρ  (α), the inequality ρ  (α)  >   is necessary. Lemma  is proved.
Lemma  It holds σ  (α) <  for sufficiently small α > .
Proof Consider the limit Proof Since we consider a polynomial equation of degree n, it is sufficient to prove the existence of n different roots to (). We will show that for any integer m such that -n < m ≤ n, there exists μ m ∈ C satisfying Similarly, the set of μ satisfying equation () with m = n is the real unbounded interval (-∞,  -n) containing a single point satisfying (), namely μ n = α -n. Now consider the cases  < m < n and the upper complex half-plane. For any ω > , the smooth function
monotonically decreases from nπ to  as r increases from -∞ to +∞. So, for any ω >  and b ∈ (, nπ), there exists a unique value r such that φ ω (r) = b. Due to the inequality dφ ω dr (r) < , the implicit function theorem provides the existence of the smooth functions r m (ω) satisfying φ ω (r m (ω)) = mπ .
Note that if r ≤ -m, then r + j <  for all j < m and r + m ≤ . Hence,
and such r cannot be the value of r m (ω) for sufficiently small ω > . http://www.advancesindifferenceequations.com/content/2013/1/220
Similarly, if r ≥  -m, then r + j >  for all j > m - and r + m - ≥ . Hence,
and such r cannot be the value of r m (ω) for sufficiently small ω > . So, if ω >  is sufficiently small, then r m (ω) satisfies the inequality -m < r m (ω) <  -m and thereby is negative.
Consider the product n- j= |r m (ω) + ωi + j| with  < m < n and investigate its behavior for small ω > . If j ≥ m, then for sufficiently small ω > , we have |r m (ω) + j| = r m (ω) + j < j and
Combining () and (), we obtain, for sufficiently small ω > ,
As for large ω, the left-hand side of the above inequality evidently tends to +∞ as ω → +∞ and hence is greater than its right-hand side for sufficiently large ω. By continuity there exists ω m >  such that
Thus, we can take μ m = r m (ω m ) + ω m i ∈ C to satisfy () and () for  < m < n. For -n < m < , we can take the conjugates μ m = μ -m . Thus, the existence of all μ m needed is proved. This completes the proof of Proposition . http://www.advancesindifferenceequations.com/content/2013/1/220 Lemma  If  ≤ n ≤ , α > , and q >  satisfy the polynomial equation
Proof It can be proved in the same way for all n mentioned. We show this for n = . 
This contradiction yields α +  < q  < α + . So, Lemma  is proved.
The condition Re 
